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Abstract
We consider embeddings between in/nite graphs. In particular, we establish that there is no universal element in the
class of countable graphs into which the random graph is not embeddable.
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1. Introduction
In their proof of [2, Theorem 4.1], Diestel, Halin and Vogler construct a trans/nite sequence 〈G: ¡!1〉 of countable
graphs without an in/nite path such that if a countable graph has each copy of G as a subgraph, then it does so of every
countable graph. We exhibit a parallel construction concerning induced subgraphs instead of subgraphs.
We regard a graph G (undirected, without loops or multiple edges) as the pair 〈V (G);∼G〉 of its vertex set and
adjacency relation. A function f :V (G0) → V (G1) is a weak embedding if it is an isomorphism onto a subgraph of G1.
In such a case we say that G0 is weakly embeddable in G1. Similarly, a strong embedding is an isomorphism onto an
induced subgraph.
Let G be a class of graphs and G∗ in G. G∗ is weakly universal if every G ∈G is weakly embeddable in G∗. Strong
universality is de/ned likewise. Note that among the countable graphs the complete graph K! is weakly universal and the
random graph R, is strongly universal. The random graph is characterized as the unique countable homogeneous strongly
universal graph (cf. [1, Section 2.10]).
For an in/nite cardinal 
 and a graph G, let Forb
(G) and Forbind
 (G) denote the class of graphs of order 
 (i.e.
|V (G)|= 
) in which G does not embed weakly and strongly, respectively.
With this notation the result proved in [2, Theorem 4.1] can be restated as follows: no class G of countable graphs
with Forb!(P!) ⊆ G ⊆ Forb!(K!) has a weakly universal element, where P! denotes the one-way in/nite path. Our
construction here yields that no class G with Forb
(P!) ⊆ G ⊆ Forbind
 (R) for any cardinal 
 has a strongly universal
graph.
Remark 1. During the revision of this paper, the author has noticed [5]. Their graph G〈〉 is essentially the same as our
G in the next section.
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2. Construction
We proceed parallel to [3, Theorem 1.7], which generalizes [2, Theorem 4.1] to higher cardinals. We de/ne (up to
isomorphism) posets 〈T;¡〉 inductively on ordinal  such that 〈T;¡〉 is the disjoint union of each copy of 〈T;¡〉
for ¡ together with an element w above them all. Then we have the following inductively:
• Each chain in T is /nite.
• Every upper cone {v∈ T: u¡ v} is a chain.
Let r : T →  + 1 be the rank function of 〈T;¡〉, i.e., for u∈ T,
r(u) = sup{r(v) + 1: v¡ u}:
We also denote by d(u) the number of elements above u in T. Then we have r(w) =  and d(w) = 0.
For a graph G with the vertices V (G) = != {0; 1; 2; : : :} and an ordinal , let G denote the graph 〈T;∼〉 such that
for u; v∈ T,
u ∼ v ⇔ u and v are ¡ -comparable and d(u) ∼G d(v):
Lemma 2. Let 
 be an in5nite cardinal, G=〈!;∼G〉 a graph and H a graph of order 
. If G for every (or, equivalently,
unboundedly many) ¡
+ strongly embeds in H , then so does G.
Proof. For a /nite sequence s of vertices of H and ¡
+, we de/ne a function to be an (s; )-embedding if it strongly
embeds some G for ¡¡
+ in H such that whenever s = 〈v0; v1; : : : ; vn〉 is not empty, by identifying G with its
image,
{v0; v1; : : : ; vn} ⊆ V (G);
(∀i6 n)(d(vi) = i);
(∀i; j6 n)(vi and vj are ¡ -comparable);
r(vn)¿:
Note that if s is an initial segment of t and ¡, then every (t; )-embedding is an (s; )-embedding. Set
U = {s: There exists an (s; )-embedding for each ¡
+}:
Since every G for ¡
+ strongly embeds in H of order 
, we have some v0 ∈V (H) such that for unboundedly many
¡
+ there is a strong embedding f of G in H with f(w) = v0. Thus we have some 〈v0〉 in U .
Similarly, we see that every sequence in U has an extension in U ; for 〈v0; v1; : : : ; vn〉 ∈U , we /nd vn+1 ∈V (H) with
〈v0; v1; : : : ; vn; vn+1〉 ∈U as follows. Given ¡
+, we have a (〈v0; v1; : : : ; vn〉;  + 1)-embedding f of G in H for some
¿+ 1. We identify G with its image under f. Since r(vn)¿+ 1 and d(vn) = n, there is v¡ vn with r(v)¿
and d(v) = n + 1. Thus f is also a (〈v0; v1; : : : ; vn; v〉; )-embedding. Again by the cardinality argument, we have some
vn+1 ∈V (H) with 〈v0; v1; : : : ; vn; vn+1〉 ∈U .
Therefore we may choose an in/nite sequence 〈v0; v1; v2; : : :〉 with each /nite initial segment in U . Then the mapping
n → vn strongly embeds G in H .
We establish the non-existence of a strongly universal graph for certain classes.
Theorem 3. Let 
 be an in5nite cardinal. No class between Forb
(P!) and Forbind
 (R) has a strongly universal graph.
In particular, there is no strongly universal element for the class of countable graphs in which the random graph is not
strongly embeddable.
Proof. By induction on , we have that no G has an in/nite path for any G = 〈!;∼G〉. Moreover G ∈ Forb
(P!) for

6 ¡
+.
Suppose that all the graphs in Forb
(P!) are strongly embeddable in a graph H of order 
. We show that the random
graph R strongly embeds in H , which yields H ∈ Forbind
 (R).
Let 〈R: ¡
+〉 be the sequence constructed from the random graph. Since every R strongly embeds in H , so does
the random graph due to the lemma.
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Remark 4. The complexity, or co/nality, cp G of a class G of graphs is de/ned as the minimal cardinality of a set
H ⊆ G such that each G ∈G strongly embeds in some H ∈H [4].
As in [3, Theorem 1.7], we also have cp G¿ 
+ for Forb
(P!) ⊆ G ⊆ Forbind
 (R).
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